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1. Introduction 

Differentiable maps between Riemannian manifolds are important in differential 
geometry. There are certain types of differentiable maps between Riemannian 
manifolds whose existence influence the geometry of the source manifolds and 
the target manifolds. Differentiable maps between Riemannian manifolds are 
also useful to compare geometric structures defined on both manifolds. Basic 
maps in this manner are isometric immersions between Riemannian manifolds. 
Such maps are characterized by their Jacobian matrices and the induced met- 
ric which is symmetric positive definite bilinear form. The theory of isometric 
immersions is an active research area and it plays an important role in the 
development of modern differential geometry. The other basic maps for com- 
paring geometric structures defined on Riemannian manifolds are Riemannian 
submersions and they were studied by O'Neill [T7] and Gray [T2]. The theory 
of Riemannian submersions is also a very active research field, for recent devel- 
opments in this area see:[S]. 

In 1992, Fischer introduced Riemannian maps between Riemannian mani- 
folds in [TU] as a generalization of the notions of isometric immersions and Rie- 
mannian submersions. Let F : {Mx,g\) — > (M2, 172) be a smooth map between 
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Riemannian manifolds such that < rankF < min{m, n}, where dirnMi = rn 
and dimM<2 — n. Then we denote the kernel space of F* by kerF* and consider 
the orthogonal complementary space H — (kerF^) 1 - to kerF r in TMi. Thus 
the tangent bundle of Mi has the following decomposition 

TMi = kerF* © H. 

We denote the range of F* by rangeF* and consider the orthogonal com- 
plementary space (rangeF*) 1 - to rangeF* in the tangent bundle TMi of M 2 - 
Since rankF < min{m,n}, we always have (rangeF*) 1 - . Thus the tangent 
bundle TM 2 of M 2 has the following decomposition 

TM 2 = (rangeF*) © (rangeF*)^. 

Now, a smooth map F : (M 1 ,gi) — > (M 2 ,g2) is called Riemannian map 
at pi £ Mi if the horizontal restriction F :tpi : (kerF^) 1 - — > (rangeF* Pl ) is a 
linear isometry between the inner product spaces ((/cerF* Pl )^, gi(pi) \(kerF, P1 ) ± 
) and (rangeF^, 52O2) |(ran ge F» P1 )), P2 = -F(pi)- Therefore Fischer stated in 
[10] that a Riemannian map is a map which is as isometric as it can be. In 
another words, satisfies the equation 

g 2 (F.X,F.Y)=g 1 (X,Y) (1.1) 

for X, Y vector fields tangent to It follows that isometric immersions and 
Riemannian submersions are particular Riemannian maps with fcerF, ~ {0} and 
(rangeF*) 1 - = {0}. It is known that a Riemannian map is a subimmersion |10j 
and this fact implies that the rank of the linear map F* p : T p Mi — > Tp^Mi 
is constant for p in each connected component of Mi, [I] and [TU]. It is also 
important to note that Riemannian maps satisfy the eikonal equation which is 
a bridge between geometric optics and physical optics. For Riemannian maps 
and their applications in spacetime geometry, see: [IT] . 

Let M be a Kiihler manifold with complex structure J and M a Riemannian 
manifold isometrically immersed in M. A submanifold M is called holomorphic 
(complex) if J(T p M) C T P M, for every p £ M, where T p M denotes the tangent 
space to M at the point p. M is called totally real if J(T p M) C TpM- 1 for every 
p £ M, where TpM 1 - denotes the normal space to M at the point p. On the 
other hand, a submanifold M is called slant if for all non-zero vector X tan- 
gent to M the angle 9(X) between JX and T p M is a constant, i.e, it does not 
depend on the choice of p £ M and X £ T p M [5] . Holomorphic submanifolds 
and totally real submanifolds are slant submanifolds with 9 — and 8 = ^, 
respectively. A slant submanifold is called proper if it is neither holomorphic 
nor totaly real. 

Riemannian submersions between Riemannian manifolds equipped with dif- 
ferentiable structures were studied by Watson in [23] . As an analogue of holo- 
morphic submanifolds, Watson defined almost Hermitian submersions between 
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almost Hermitian manifolds as follows: Let M be a complex to— dimensional al- 
most Hermitian manifold with Hermitian metric gM and almost complex struc- 
ture Jm and TV be a complex n— dimensional almost Hermitian manifold with 
Hermitian metric gw and almost complex structure Jjv ■ A Riemannian submer- 
sion F : M — > N is called an almost Hermitian submersion if F is an almost 
complex mapping, i.e., F*Jm = JnF*. The main result of this notion is that the 
vertical and horizontal distributions are Ja/— invariant. Watson also showed 
that the base manifold and each fiber have the same kind of structure as the 
total space, in most cases [23] and [9]. Since then almost Hermitian submersions 
have been extended to the almost contact manifolds [8], [14], locally conformal 
Kahler manifolds [T3] and quaternion Kahler manifolds [13] , 

In [19] . we introduced anti-invariant Riemannian submersions from almost 
Hermitian manifolds onto Riemannian manifolds as follows. Let M be a com- 
plex to — dimensional almost Hermitian manifold with Hermitian metric g M and 
almost complex structure J and TV be a Riemannian manifold with Riemannian 
metric g N . Suppose that there exists a Riemannian submersion F : M — > N 
such that the integral manifold of the distribution kerF* is anti-invariant with 
respect to J, i.e., J(kerF*) C (fcerF*)^. Then we say that F is an anti- invariant 
Riemannian submersion. As a generalization of almost Hermitian submersions 
and anti-invariant Riemannian submersions, recently, we also introduced the 
notion of slant submersions from almost Hermitian manifolds onto arbitrary 
Riemannian manifolds [20] as follows: Let F be a Riemannian submersion from 
an almost Hermitian manifold (Mi , g\ , J\ ) onto a Riemannian manifold {M% , 32 ) ■ 
If for any non-zero vector X £ T(kerF^), the angle 9(X) between JX and the 
space kerF* is a constant, i.e. it is independent of the choice of the point p 6 Mi 
and choice of the tangent vector X in kerF* , then we say that F is a slant sub- 
mersion. In this case, the angle 8 is called the slant angle of the slant submersion. 

In [22] . as a generalization of almost Hermitian submersions, anti- invariant 
Riemannian submersions and slant submersions, we defined semi-invariant Rie- 
mannian maps from almost Hermitian manifolds and investigated the geometry 
of the total manifold and the base manifold by using the existence of such maps. 

In this paper, as another generalization of Hermitian submersions, anti- 
invariant submersions and slant submersions, we define and study slant Rie- 
mannian maps from almost Hermitian manifolds to Riemannian manifolds. In 
section 2, we recall basic facts for Riemannian maps and almost Hermitian man- 
ifolds. In section 3, we define slant Riemannian maps and give many examples. 
We also obtain a characterization of such maps and investigate the harmonicity 
of slant Riemannian maps. Then we give necessary and sufficient conditions for 
slant Riemannian maps to be totally geodesic. Finally, in section 4, we obtain a 
decomposition theorem for the total manifold by using slant Riemannian maps. 
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2. Riemannian maps 

In this section, we develop fundamental formulas for Riemannian maps similar to 
the Gauss- Weingarten formulas of isometric immersions and O'Neill's formulas 
of Riemannian submersions. We also recall useful results which are related to 
the second fundamental form and the tension field of Riemannian maps. Let 
(M, g M ) and (N, g N ) be Riemannian manifolds and suppose that F : M — > N 
is a smooth map between them. Then the differential F* of F can be viewed a 
section of the bundle Hom(TM, F^TN) — > M, where F^TN is the pullback 
bundle which has fibres (F _1 TiV)p = T F(p) N,p G M. Hom(TM, F~ 1 TN) has 
a connection V induced from the Levi-Civita connection V M and the pullback 
connection. Then the second fundamental form of F is given by 

(VF*)(x,y) = v£F,(y)-F„(v#Y) (2.1) 

for X, Y £ T(TM). It is known that the second fundamental form is symmet- 
ric [2]. First note that in [21] we showed that the second fundamental form 
(VF*)(X, Y), VX 7 Y £ F^kerF*^), of a Riemannian map has no components 
in rangeF*. More precisely we have the following. 

Lemma 2.1. Let F be a Riemannian map from a Riemannian manifold (M\,g\) 
to a Riemannian manifold {M%,g2). Then 

g 2 ((VF*)(X,Y),F*(Z)) = 0,VX,F,Z e r((fcerF*) ± ). 

As a result of Lemma 2.1, we have 

(VF.)(X,Y) e T{{rangeF :t ) ± ),VX,Y e r((fcer J F st ) i ). (2.2) 

For the tension field of a Riemannian map between Riemannian manifolds, 
we have the following. 

Lemma 2.2. [18jLet F : (M,g M ) — > (N,g N ) be a Riemannian map between 
Riemannian manifolds. Then the tension field r of F is 

t = -m x F*{H) + m 2 H 2 , (2.3) 

where mi = dim(kerF a ,),m2 — rankF , H and H2 are the mean curvature vec- 
tor fields of the distribution kerF* and rangeF* , respectively. 

Let F be a Riemannian map from a Riemannian manifold (Mi,g\) to a 
Riemannian manifold (M2, gi). Then we define T and A as 

A E F = UV H eVF + VV U e'HF (2.4) 

T E F = HV ve VF + VV ve HF, (2.5) 

for vector fields E, F on Mi, where V is the Levi-Civita connection of g\. In fact, 
one can see that these tensor fields are O'Neill's tensor fields which were defined 
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Vyi = nvvX + TvX 

V X V = AxV + VVxV 
VxY = HWxY + AxY 



(2.7) 
(2.8) 
(2.9) 
(2.10) 



for Riemannian submersions. For any E € T(TMi), Te and Ae are skew- 
symmetric operators on (T(TMi),g) reversing the horizontal and the vertical 
distributions. It is also easy to see that T is vertical, Te = Tve and A is 
horizontal, A = Ahe- We note that the tensor field T satisfies 

TuW = T W U,VU,W €T(kerF*). (2.6) 

On the other hand, from (12.4[) and (|2.5|) we have 



for X,Y e T{(kerF^) and V, W € r(fcerF»), where V V W = VV V W. 

From now on, for simplicity, we denote by V 2 both the Levi-Civita con- 
nection of (M2,<72) and its pullback along F. Then according to [16], for any 
vector field X on Mi and any section V of (rangeF*) 1 - , where (rangeF*) 1 - is 
the subbundle of F~ 1 (TM2) with fiber (F* (TpM)) -orthogonal complement of 
F*(T p M) for <?2 over p, we have V x V which is the orthogonal projection of 
V^V on (F if (TM)) ± . In [16], the author also showed that V is a linear 

. ,F_L 

connection on (F*(TM)) such that V gi — 0. We now define Sy as 

Vl x ^ = -<5 V M + V^y, (2.11) 

where S V F*X is the tangential component (a vector field along F) of V 2 V. 
It is easy to see that SyF*X is bilinear in V and F»X and SyF*X at p depends 
only on V p and F^pXp. By direct computations, we obtain 

S2(5 v F.A:,F,y) =g 2 (V,(VF*)(X,Y)), (2.12) 

for 1,7 £ r((fcerF») i ) and V € r^rangeF*)- 1 -). Since (VF*) is symmetric, it 
follows that S v is a symmetric linear transformation of rangeF* . 

A 2fc-dimensional Riemannian manifold (M, g, J) is called an almost Her- 
mitian manifold if there exists a tensor filed J of type (1,1) on M such that 
J 2 = -I and 

g(x,r) =g(Jx, jy),vx,r er(TM), (2.13) 

where / denotes the identity transformation of T p M. Consider an almost Her- 
mitian manifold (M,J,g) and denote by V the Levi-Civita connection on M 
with respect to g. Then M is called a Kahler manifold if J is parallel with 
respect to V, i.e, 

(V x J)Y = (2.14) 

for i,re r(TM) (24]. 
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3. Slant Riemannian maps 

In this section, as a generalization of almost Hermitian submersions, slant sub- 
mersions and anti-invariant Riemannian submersions, we introduce slant Rie- 
mannian maps from an almost Hermitian manifold to a Riemannian manifold. 
We first focus on the existence of such maps by giving some examples. Then 
we investigate the effect of slant Riemannian maps on the geometry of the total 
manifold, the base manifold and themselves. More precisely, we investigate the 
geometry of leaves of distributions on the total manifold arisen from such maps. 
Wc also obtain necessary and sufficient conditions for slant Riemannian maps 
to be harmonic and totally geodesic. We first present the following definition. 

Definition 3.1. Let F be a Riemannian map from an almost Hermitian mani- 
fold {M\,gi, J\) to a Riemannian manifold (M2, (72)- If for any non-zero vector 
X G Y{kerF*), the angle 9(X) between JX and the space kerF* is a constant, 
i.e. it is independent of the choice of the point p € M\ and choice of the tangent 
vector X in kerF* , then we say that F is a slant Riemannian map. In this case, 
the angle 9 is called the slant angle of the slant Riemannian map. 

Since F is a subimmersion, it follows that the rank of F is constant on Mi , 
then the rank theorem for functions implies that kerF* is an integrable subbun- 
dle of TMi, (pQ, page:205). Thus it follows from above definition that the leaves 
of the distribution kerF* of a slant Riemannian map are slant submanifolds of 
Mi, for slant submanifolds, see: [5J. 

We first give some examples of slant Riemannian maps. 

Example 1. Every Hermitian submersion from an almost Hermitian manifold 
onto an almost Hermitian manifold is a slant Riemannian map with 9 = and 
(rangeF*) 1 - = {0}. 

Example 2. Every anti- invariant Riemannian submersion from an almost Her- 
mitian manifold onto a Riemannian manifold is a slant Riemannian map with 
9 = § and (rangeF*) 1 - = {0}. 

Example 3. Every proper slant submersion with the slant angle 9 is a slant 
Riemannian map with (rangeF*)- 1 = {0}. 

We now denote the Euclidean 2m— space with the standard metric by R 2m . 
An almost complex structure J on R 2m is said to be compatible if (R 2m ,J) 
is complex analytically isometric to the complex number space C' m with the 
standard flat Kahlerian metric. Then the compatible almost complex structure 
J on R 2m defined by 

J(a\ ...,a 2m ) = (-a m+1 , -a m+2 , -a 2m , a 1 , a 2 , a m ). 

A slant Riemannian map is said to be proper if it is not a submersion. Here 
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is an example of proper slant Riemannian maps. 

Example 4. Consider the following Riemannian map given by 

F : R 4 — ► R 4 

(x u x 2 ,x 3 ,x 4 ) (0, X2 sin a+ ^ +X4COSa ,0,x 2 cos a- x 4 sin a). 

Then for any 0<a<-|,i 7, isa slant Riemannian map with respect to the 
compatible almost complex structure J on R 4 with slant angle ?. 

Let F be a Riemannian map from a Kahler manifold (M\,gi, J) to a Rie- 
mannian manifold (M 2 ,g2)' Then for X £ T{kerF :t ), we write 

JX = cj)X + ujX, (3.1) 

where <j)X and are vertical and horizontal parts of JX. Also for V £ 
r((fcerF») J -), we have 

JZ = BZ + CZ, (3.2) 

where BZ and are vertical and horizontal components of JZ. Using (|2.7j) . 
(j2~51) . (|3~Tj) and ([OJ we obtain 

(V xW )y = CTxY-Tx^Y (3.3) 
(Vx0)F = BTxY-TxloY, (3.4) 

where V is the Levi-Civita connection on Mi and 

(V x lo)Y = nVxcoY -ujV x Y 
(Vx^)Y = Vx^Y-cpWxY 

for X, y € T{kerF t ). Let i 7, be a slant Riemannian map from an almost Her- 
mitian manifold (Mi,gi, J\) to a Riemannian manifold (M 2 ,g 2 ), then we say 
that lu is parallel with respect to the Levi-Civita connection V on kerF* if its 
covariant derivative with respect to V vanishes, i.e., we have 

(V x u)Y = V x ojY - lo{V x Y) = 

for X, Y € T(kerF Sf ). Let F be a slant Riemannian map from a complex Tri- 
dimensional Hermitian manifold (M,g\,J) to a Riemannian manifold (N,g%). 
Then, uj(kerF^) is a subspace of {kerF*) 1 -. Thus it follows that fcerF» p © 
u>(kerF*p) is invariant with respect to J. Then for every p € M , there exists an 
invariant subspace /i p of (kerF* p ) such that 

T p M = kerF* p © ui(kerF* p ) © /x p . 

The proof of the following result is exactly the same with slant immersions 
(see [5] or [3] and [4] for Sasakian case), therefore we omit its proof. 
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Theorem 3.1. Let F be a Riemannian map from an almost Hermitian manifold 
(Mi,gi, J) to a Riemannian manifold (M^gz). Then F is a slant Riemannian 
map if and only if there exists a constant A g [—1,0] such that 

4> 2 x = xx 

for X € r(feer.F*). If F is a slant Riemannian map, then A = — cos 2 9. 

By using above theorem, it is easy to see that 

gx{^>X,4>Y) = cos 2 6 9l (X,Y) (3.5) 
gx{uX,wY) = sin 2 9 gi (X,Y) (3.6) 

for any X, Y € T(kerF*). Also by using (13.51) we can easily conclude that 

{ei , sec 0</>ei , ei , sec 0062 , e n , sec 0</>e n } 

is an orthonormal frame for T(fceri ;l >t ). On the other hand, by using (|3.6p one 
can see that 

{esc 6oue±, esc 6>we2, esc 9u>e n } 

is an orthonormal frame for r(w(A:eri 7 ! 1 ,)). As in slant immersions, we call the 
frame 

{ei, sec 6<j>ei,e2, sec 9<j>e2, e„, sec94>e ni csc^wei, esc 6>we2, esc 9u>e n } 
an adapted frame for slant Riemannian maps. 

We note that since the distribution fcerF* is integrable it follows that TxY = 
TyX for X, Y € r(fcerF*). Then the following Lemma can be obtained by using 
Theorem 3.1. 

Lemma 3.1. Let F be a slant Riemannian map from a Kahler manifold to a 
Riemannian manifold. If uj is parallel with respect to V on kerF* , then 

% x <f>X = - cos 2 9T X X (3.7) 

for X E T{kerF*). 

In fact, proof of the above Lemma is exactly the same with the Lemma 3.3 
given in [20] , 

We now give necessary and sufficient conditions for F to be harmonic. 

Theorem 3.2. Let F be a slant Riemannian map from a Kahler manifold to 
a Riemannian manifold. Then F is harmonic if and only if 

T<j, ei (l>ei — -cos 2 9Te z e l , (3.8) 

trace | w(feer ^) * F*(S Ej F*{.)) g T{ji), (3.9) 
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and 

trace \„ * F*(S E] F*{.)) e r(w(fcerF„)), (3.10) 

where {ei,sec0^>ei,e2,sec#^>e2 , e„, sec#0e„} is an orthonormal frame for 
T(kerF*) and {E^ is an orthonormal frame ofT^rangeF*) ).. 

Proof. We choose a canonical orthonormal frame ei, sec (9</>ei..., e p , sec 9<fie p , 
lu csc 0ei, w esc 0e2 P , ei,...,e n such that {ei, sec 94>e%..., e p , sec9(j)e p } is an or- 
thonormal basis of kerF* and {ei, .., e n } of /x, where is the slant angle. Then 
F is harmonic if and only if 

^(VF,)(e„e,) + sec 2 #(VF*)(0e,, </>e 4 ) + csc 2 0^(VF»)( 

i=l i=l 

+E( v * g i) = - ( 3 - n ) 

3=1 

By using (12.11) and (I2.7[) we have 
p 

^((VFO^e^+sec 2 ^VFO^e;,^) = -F*(7^ei + sec 2 OT^fe). (3-12) 
<=i 

On the other hand from Lemma 2.1, we know csc 2 9 X)i=iC^^ 7 *)( a -' e ii we i) + 
5Z^ 1 (Vi r *)(ej, ej) € r((rangeF*) x ). Thus we can write 

csc 2 ^^(V-F*)(we i ,o;e i ) + ^(VF*)(gj,ej) = csc 2 9 
i=i j=i 

2p s 

i=l fc=i 
m s 

+ £ D S2(( VF * ) (c,- , e,-), F fc )F fe 

3=1 fc=l 

where{Ffc} is an orthonormal basis of r((rangei 7 '») J ~). Then using (|2.12p we 
have 

2p m 

csc 2 6»^(VFH»)(wei,cjei) + V7VF*)(ej, e.,-) = csc 2 6> 
«=i 3=1 

/J E 32 QS.E), F. (i«;ei)) ^ (wei))E k 
i=i fc=i 

+ E E .92(S Bfc F*(e,), F,(e J -))F fe (3.13) 
j=i fc=i 
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Then proof comes from the adjoint of F*, p. 121) and (|3.13[) . 

Example 5. Consider the slant Riemannian map given in Example 4, then we 
have 

d d d d 
(kerF*) — Span{Zi = — — , Z 2 — sin a 1- cos a — — } 

ax\ 6x2 0x3 0x4 

and 

(l tp \-L c r 7 sxna d 1 d cos a d 

(kerf*) = bpan{Zs = 



V2 dx 2 y/2 dx 3 y/2 dx 4 ' 

9 d ^ 

Z4 = — cos a — h sin a — — } . 

0x2 0x4 

By direct computations, we have 

JZl = ~2^ 2 ^/f = ^1 + ^ 4 

which imply that 

<f>Zi = --Z 2 ,(t>Z 2 = Z\. 

Then it is easy to see that 

tfZ, = - cos 2 ^Z, = ~=Zi,i = 1,2 

which is the statement of Theorem 3.1. On the other hand, since T and S 
vanish for this slant Ricmannian map, it satisfies the claim of Theorem 3.2. 

By using (12.71) and (I3.3[) . one can notice that the equality (I3.8[) is satisfied 
in terms of the tensor field to. More precisely, we have the following. 

Lemma 3.2. Let F be a slant Riemannian map from a Kdhler manifold (Mi, gi, J) 
to a Riemannian manifold (M 2 ,g2)- If w is parallel then i3. 8\) is satisfied. 

Remark 1. We note that the equality (|3.7[) ( as a result of above lemma, 
parallel u) is enough for a slant submersion to be harmonic, however for a slant 
Riemannian map this case is not valid anymore. 

We now investigate necessary and sufficient conditions for a slant Rieman- 
nian map F to be totally geodesic. We recall that a differentiable map F between 
Riemannian manifolds (M\,g\) and (M2,g2) is called a totally geodesic map if 
(VF*)(Jf, Y) = for all X, Y e T(TMi). A geometric interpretation of a totally 
geodesic map is that it maps every geodesic in the total manifold into a geodesic 
in the base manifold in proportion to arc lengths. 
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Theorem 3.3. Let F be a slant Riemannian map from a Kahler manifold 
(M\,gi,J) to a Riemannian manifold (A/2, 32)- Then F is totally geodesic if 
and only if 

9l (TuuV,BX) = -g 2 ((VF*)(U,u)(t>V),F4X)) + g 2 ((VF*)(U,L>V),F*(CX)) 
91 (AxuU, BY) = , 92 ( V£F* {uJcpU) , F*(Y)) — g 2 ( V^F, (cuU) , F* (CY)) 

and 

V X F„{Y) + F*(C(A X BY + HV X CY) + co(VV x BY + A X CY)) e T(rangeF„) 

for X, Y G r((fceri 7 ! i ,) ± ) and U, V £ T{kerF te ), where V 1 is the Levi-Civita con- 
nection of Mi . 

Proof. From the decomposition of the total manifold of a slant Riemannian 
map, it follows that F is totally geodesic if and only if g 2 ((VF t )(U, V), F*(X)) = 
0, g 2 ((VF*)(X,U),F*(Y)) = and (VF*)(X,Y) = for X,Y G r((fcerF,)- L ) 
and U, V € T(kerF^). First, since F is a Riemannian map, from (|2.1j) we obtain 

.9 2 ((VF0(C/,^),F,(X)) - -ffiCV^V, JT). 

Since Mi is a Kahler manifold, using (|3.ip and (|3.2p we have 

g 2 ((VF»)([/,n^*P0) = -cos 2 ^ 1 (V^,X) + ffl (V^V,X) 

- g 1 (V 1 u uV,BX)-g 1 (V 1 u ujV,CX). 

Taking into account that F is a Riemannian map, using again (|2.1[) and (|2.8j) 

we get 

92{(VF.)(U,V),F m (X)) = sec 2 9{- gi {TuuV, BX) - g 2 ((VF*)(U, u<f>V), F*{X)) 

+ 92 ((VF*){U,cjV),F*(CX))}. (3.14) 

In a similar way, we also have 

g2{{VF.)(X,U),F m {Y)) = sec 2 6{- 9l {A x uU,BY) - g 2 (V x F*{uU), F*(CY)) 

+ ff 2 (V^F,WC/),^(y))}. (3.15) 

On the other hand, by using (|2.1[) and (|2.14[) we derive 

(VF*)(X,Y) =V X F*(Y) + F*{JV X X JY) 

for X,Y e T((kerF*) x ). Then using dSU, (JOJ) and (|2~7j) - (f2~T3l) we obtain 

(VF r )(X,Y) = V X F*(Y) + F^BAxBY 

+ CA X BY + <f>VV x BY + uVV x BY 

+ BUV X CY + CHV X CY 

+ (f>A x CY + luA x CY). 
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Since 



BAxBY + (j)VV x BY + BHV X CY + 4>A X CY e T(kerF^), 



we have 



(VF*)pT,F) 



= V£F*(Y~) + F«(CA X BY 
+ uVV x BY + CUV X CY 
+ ojAxCY). 



(3.16) 



Then proof comes from (|3~TI)) . (j3"7L5]l and (l3~To) . 

Remark 2. Since T, -4 and (VF„) vanish, Example 5 satisfies the conditions 
of Theorem 3.3. 

Remark 3. We observe that the conditions for a slant Riemannian map to be 
a totally geodesic arc different from the conditions for a slant submersion to be 
totally geodesic, compare Theorem 3.3 of the present paper with Theorem 3.5 
of [20]. For a Riemannian submersion, the second fundamental form satisfies 
(VF*)(JT, Y) = 0, I,ye r((fcerF*) ± ). However, for a slant Riemannian map 
there is no guarantee that (VF*)(X, Y) = 0, X, Y £ T((fceri ;l *) ± ). From Lemma 
2.1, we only know that (Vi 7 '*)(X, Y) is T((rangeF^) ± )— valued. From the 
above reason it is necessary to use extra geometric conditions to investigate the 
geometry of slant Riemannian maps. 

4. A decomposition theorem via slant Rieman- 
nian maps 

In this section we are going to obtain necessary and sufficient conditions for the 
total manifold of a slant Riemannian map to be a locally product Riemannian 
manifold. Let g be a Riemannian metric tensor on the manifold M = B x F and 
assume that the canonical foliations D and D intersect perpendicularly every- 
where. Then from de Rham's theorem [7], we know that g is the metric tensor 
of a usual product Riemannian manifold if and only if D and D are totally 
geodesic foliations. 

Theorem 4.1. Let F be a slant Riemannian map from a Kahler manifold 
(Mi,g±, J) to a Riemannian manifold [M-2,g2)- Then {M\,g\) is a locally prod- 
uct Riemannian manifold if and only if 



g 1 {T u uV,BX) = -g 2 ((VF*){U,u,<fiV),F*(X))+g 2 ((VF*)(U > ojV),F*(CX)) 



g 2 ((VF*)(X,BY),F4u J U))=g 2 (F4Y)y x F4L;cj ) U))-g 2 (F4CY),V x F4u J U)) 
forX,Ye r((fcer J F»)- L ) and U,V £ T{kerF*). 



and 
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Proof. For X, Y G T{{kerF*) x ) and U G r(fcerF*), from (l2~14l . (|3TT|) . (I3"^|) 
and Theorem 3.1, we have 

gi(v x Y,u) = -co S 2 5l (y,v^) + 9l (y,v^) 

- 9i (13Y,V x ujU) - 9i (CY,V x ujU). 
Taking into account that F is a Riemannian map and using (|2.1|) we obtain 

5l (V^Y,(7) = sec 2 0{- 92 (F,(y),(V J F 1 »)(X,^[/))+ 52 (F4y),V^F,( W 0[/)) 

- S2((VF»)(X,By),F»(w[/)) + ff2 ((VF*)(A^[/),F*(CY)) 

- g 2 {F*{CY),V F x F*{uU))}. 

Then Lemma 2.1 implies that 

gi(V x Y,U) = sec 2 6{g 2 (F4Y),V x F4u0U)) ~g 2 ((VF*)(X, BY), F^ujU)) 

- g 2 {F*{CY),V F x F*{u]U)). (4.1) 

Thus proof follows from p. 141) and (111! . 
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